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Spin Hall effect, Hall effect and spin precession in diffusive normal metals 
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We study transport in normal metals in an external magnetic field. This system exhibits an 
interplay between a transverse spin imbalance (spin Hall effect) caused by the spin-orbit interaction, 
a Hall effect via the Lorentz force, and spin precession due to the Zeeman effect. Diffusion equations 
for spin and charge flow are derived. The spin and charge accumulations are computed numerically 
in experimentally relevant thin film geometries. The out-of-plane spin Hall potential is suppressed 
when the Larmor frequency is larger than the spin-flip scattering rate. The in-plane spin Hall 
potential vanishes at zero magnetic field and attains its maximum at a finite magnetic field before 
spin precession starts to dominate. Spin-injection via ferromagnetic contacts creates a transverse 
charge Hall effect that decays in a finite magnetic field due to spin precession. 



PACS numbers: 72.10.-d,72.15.Gd,73.50. Jt,85.75.-d 
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Spintronics is a new subfield of research which could 
provide a new class of low power and high speed elec- 
tronic devices. This requires an understanding of spin- 
injection, spin manipulation and spin detection. In many 
metals, spins arc affected by the spin-orbit interaction 
which is often considered a nuisance causing a decay of 
the injected spin flow. However, the spin-orbit interac- 
tion can also be used to manipulate the spins in a de- 
sired way and even to cause a finite spin polarization of 
an initially unpolarizcd electron flux. This latter spin 
Hall effect 1 ! 2 ! 3 ! 4 ! 5 ! 6 ! 7 ! 8 ! 9 ! 10 ! 11 : 12 ! 13 has recently attracted 
considerable interest. 

Spins are influenced by a magnetic field. A magnetic 
field governs the diffusion of particles via spin precession 
induced by the Zeeman effected* and via the Lorentz force. 
This alters the spin and charge currents and the spin and 
charge accumulations. There are already some theoreti- 
cal works on the influence of an external magnetic field 
on the spin Hall effect. Refs. I loll id discuss the influence 
of a magnetic field on the intrinsio§»i 7 spin Hall effect. On 
the other hand, within our knowledge, theoretical stud- 
ies of the extrinsic spin Hall effect in normal metals are 
limited to the regime of zero magnetic field. 

Recently, the first clear optical observation of the spin 
Hall effect in semiconductors was presented^. In this ex- 
periment, the dominant contribution to the spin Hall ef- 
fect was extrinsioi2*i2i2£ and caused by spin-orbit scat- 
tering at impurities. It was also shown that an applied 
in-plane magnetic field causes precession and suppression 
of the spin accumulation via the Hanle effect. 21 

We address how a magnetic field affects the extrin- 
sic spin Hall and Hall effects in normal metals, where 
spin-injection and spin-detection can be done by electri- 
cal contact^ To this end, we study the extrinsic spin 
Hall effect in normal metals in a external magnetic field. 
We derive the diffusion equations for spin and charge flow 
and calculate the spin Hall and also Hall voltage as func- 
tions of magnetic field and sample geometry. We consider 
a normal metal thin film with weak extrinsic spin-orbit 
interaction. The computed magnetic field dependence 
can assist in the understanding of future all-electrical ex- 



perimental detection of the spin Hall effect in normal 
metals. 

Our transport theory is based on the Keldysh 
formalismSi 2 ^. We first employ the quasiclassical ap- 
proximation since the system size is longer than the Fermi 
wavelength and second use the diffusion approximation 
valid when the system size is larger than the mean free 
path. By computing the Keldysh component, we derive 
finally the spin and charge current and density distribu- 
tion. This is a standard technique and its application to 
the spin Hall effect is detailed in Ref. 0. 

Diffusive transport in the absence of a external mag- 
netic field is described by charge and spin current 2 * 

-3c = -V> c + 77- V x Ms > (!) 

a Ikp 
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-Js = -V(ct/x s ) +— <t x V/i c -— <t x V x fi s ,(2) 
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where a is the conductivity, a is a dimensionless spin- 
orbit coupling constant, kp is the Fermi wavevector, I 
is the mean free path. fi c , fi s are charge and spin accu- 
mulations, and <x is the Pauli matrix, so that the charge 
density and spin density are n = Nq[i c and s — N$(j, s , 
where No is the density of states. The first and second 
terms in Q are the ordinary current and the anomalous 
current due to the anomalous spin-orbit velocity opera- 
tor, respectively. The first and second terms in (j2J have 
a similar origin. The last term in the spin current @ 
is due to side-jump and skew scattering induced by the 
spin-orbit interaction. In our notation, the 2x2 spin cur- 
rent J5J decomposes as j s — j*a x + j^cfy + jg<j z , where 
the vectors j*, jjj and j'* represent flow of particles with 
spins along x, y, and z, respectively. 

Introducing a magnetic field gives an additional con- 
tribution to the electron self-energy, the Zeeman energy, 
associated with the coupling between the magnetic field 
and the spin of the electrons. We assume the Zeeman 
energy is small compared to the elastic scattering rate, 
b = gL^B\B\r/h -C I, where [Ib is the Bohr magneton, 
gL is the gyromagnetic ratio and B is the external mag- 
netic field. We also disregard higher order contributions 
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of the order ab/(kpl). Additional spin current governed 
by the external magnetic field is in this regime: 



)B 9L/J-BT 
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In general, the orbital Lorentz force should also be in- 
cluded. It gives additional contributions to the charge 
current j£ = (<jT/m)B x V/i c and spin current jg = 
(<7T/m)(B x V)(jU s <r). For the thin film geometry with 
in-plane magnetic field discussed below, the Lorentz force 
vanishes, and we will consequently not dicuss the orbital 
contribution in the remainder of our work. 

We assume the spin-orbit scattering is stronger than 
the spin- flip scattering due to magnetic impurities. The 
diffusion equations for the charge and spin-dependent po- 
tentials are then 
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where n B is a unit vector along B — Bn B . As it is well 
known, spins decay on the spin-orbit induced length scale 
l s f — \/Dt so and preces ses around the magnetic field on 
the length scale l m = y/hD/ (gLfi B B), where D = v\t /3 
and t so is the spin-flip relaxation time due to the spin- 
orbit interaction, l/r so = 8a 2 /9r— . The spin-precession 
length scale l m is comparable to l s t when b ~ a. The last 
term in © can be a source of spins competing with the 
spin-orbit induced spin relaxation and depends on the 
spin-magnetic length scale l snl — VFfo/(V3gLU B B)^ It 
is only important for large magnetic fields in Al, e.g. for 
the parameters discussed below when B > 10 T, when 
l sul becames comparable to l s {. It becomes important 
at a lower magnetic field in Cu. The influence of the 
Zeeman-induced spin current is also small at fields 
below B ~ 10 T in Al. We employ below this theory to 
calculate transverse spin and charge accumulations in a 
thin normal metal film. 

We consider two configurations where spin Hall and 
Hall potentials can be measured: when the normal metal 
film is attached to a) normal metal reservoirs via metal- 
lic contacts and b) ferromagnetic reservoirs via tunnel 
contacts, as shown in Fig. Q]i and Fig. |2k correspond- 
ingly. In the first case, no spins are injected, but a trans- 
verse spin accumulation (spin Hall effect) builds up due 
to the spin-orbit interaction in zero magnetic field. This 
spin accumulation can e.g. be measured via the charge 
potentials in ferromagnetic reservoirs connected to the 
transverse edges via tunnel contacts. In the second case, 
spins are injected, and the system exhibits a transverse 
spin-orbit induced charge accumulation at zero magnetic 
field. This charge potentials can be measured via the 
charge potentials in normal metal probes. 

The diffusion equations @ and JSJ) are solved numer- 
ically on a sufficiently fine grid giving convergent results 
with the proper boundary conditions for incoming charge 
and spin flow through the contacts to the reservoirs. The 



diffusion equation also must be supplemented by a trans- 
verse boundary condition: There is no particle or spin 
flow across the transverse boundaries at y = and y = d. 

Let us first consider scenario a) when a thin normal 
metal film of length L and width d is attached with per- 
fect contacts with zero resistance to a left reservoir with 
local chemical potential /il and a right reservoir with lo- 
cal chemical potential u R , as shown in Fig.^,. We bias 
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FIG. 1: Thin metallic film with contacts to reservoirs (a). 
Relative spin Hall accumulations in the middle of the film 
(x = L/2) as a function of external magnetic field for 2-spin 
component (b) and for x-spin component (c). The field di- 
rection B cx = (0, B cx ,0), sample sizes are d — 282 nm, L = 
1100 nm. 

the system along the x direction by a symmetric potential 
/iL = — A/i/2 and /ir. = A/x/2 and consider the current 
and density response. We consider a transverse in-plane 
magnetic field, directed along y. 

We use values for the spin-diffusion length and spin- 
flip relaxation time in Al at low temperature^, / s f = 600 
nm, t so = 90 ps, and v F = 2.03 • lO^s" 1 (ref. [H), 
e.g. a = 0.006, r = 2.9 • 10~ 15 s, I = 5.9 nm. The sample 
width d = 282 nm and length L = 1100 nm are assumed. 

The charge Hall effect is small in this case since the 
Lorentz force vanishes. An out-of-plane spin Hall poten- 
tial, e.g. a spin accumulation along the z axis, is in- 
duced by the anomolous velocity operator 20 ' 24 and it is 
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affected by spin-precession in a magnetic field J5|. The 
most interesting is the in-plane spin Hall effect, where 
the spin accumulation is directed along x. This compo- 
nent vanishes at zero magnetic field22i24. It increases at 
weak magnetic fields due to the precession of spins ini- 
tially directed along z. Thus, there is an in-flux of spins 
from the z component (induced by the spin Hall effect) to 
the x-component. However, the spin accumulation start 
to decrease for large fields due to decoherence caused 
by precession and spin relaxation. We are consequently 
interested in the dependence of the x- and z-spin Hall 
effects on an external magnetic field. To this end, we 
introduce the corresponding relative spin and charge ac- 
cumulations as V^ix) = \p, Si i(x, 0) — /i s ,i(x, d)]/Afx and 
Vn(x) = \pL c (x, 0)—/j, c (x, d))/Afi, where i = x, y, z. There 
is also a spin Hall accumulation along the y direction (not 
shown). 

Numerical results are presented in Fig. ^ We see that 
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FIG. 2: Thin metallic film with tunneling contacts Ti and 
T2 to ferromagnet with magnetization m — (0, 0, 1) in the 
left side and with a normal metal in the right side (a). The 
normalized relative Hall accumulation in the middle of the 
film (x — L/2) as a, function of external magnetic field (b). 
The field direction B ox = (0, B O x,0), sample sizes are d — 
282 nm,L = 1100 nm. 

the out-of-plane spin Hall effect, V s fj, is suppressed by the 
magnetic field (see Fig. \3p). This occurs because there 
is no real spin-injection into the system, but the spin po- 
larization arises within the sample due to the spin-orbit 
interaction. Consequently, precession takes places from 
many origins within the sample and the average of all 
initial conditions results in a decaying out-of-plane spin 
Hall effect as a function of magnetic field. In our nor- 
mal metal geometry, the decay of the out-of-plane spin 
Hall effect is not exactly Lorentzian as in the semicon- 
ductor case^ presumably because the physics is different 
for semiconductors and normal metals with different ef- 
fective masses, Lande g-factors, Fermi energies and mi- 



croscopic details of the spin-orbit interaction. The de- 
pendence of the in-plane spin Hall effect is qualitatively 
different from that of the out-of-plane spin Hall effect. 
As discussed above, the numerical results in Fig. ^ 
demonstrated that there is a critical field i? cx ss 2.93 T 
where attains its maximum. On the left of the max- 
imum the z-spins precession creates a spin accumulation 
along x which was initially absent at zero magnetic field. 
The spin accumulation increases with increasing mag- 
netic field B. In the right side from the maximum the 
situation is qualitatively different, and we observe a de- 
cay of the accumulation because x- and z-spins start to 
relaxate due to strong spin precession. In the critical 
point the ratio of the magnetic length scale to spin-orbit 
length scale are similar, l m /l s f — 0.2. 

Next, we consider geometry b) when a normal metal is 
in tunnel contact to ferromagnet and normal metal reser- 
voirs, see Fig. [2^. We assume that also in this case an in- 
plane, y-directed, magnetic field is applied, and that the 
ferromagnet magnetization is out-of-plane, e.g. directed 
along z. To describe the transport properties, we intro- 
duce the conductance of the normal metal Go = crwd/L, 
where w is the width of the film. The conductance at the 
tunnel barrier between the normal metal film and the 
normal metal reservoir is G. The contact between the 
ferromagnetic reservoir and the normal metal film is de- 
scribed by the spin-dependent conductances G^ and G^ 
for spin aligned and antialigned to the magnetization and 
a mixing conductance of reflection G'^ for spins in the 
normal metal that are non-collinear to the magnetization 
direction^ 

In order to determine the spin and charge accumula- 
tions, we need the boundary conditions for the spin and 
charge flow through the tunnel contacts from the ferro- 
magnetic reservoir into the normal metal and from the 
normal metal into the normal metal reservoir. These 
boundary conditions are determined by magnetoelec- 
tronic circuit theory^Si. On the left boundary, the 
charge current along the transport, x, direction through 
the tunneling contact T\ can be written as 

el c = (Gt + Gl) [tf - Mc ( ,y)] - (Gt _ G i )rn . Ms ( ,y) 

(6) 

in terms of the local chemical potential in the ferromag- 
net He = Hl and the spin and charge chemical potentials 
in the normal metal close to the ferromagnetic interface 
(J, s {x — 0,y) and /j, c {x = 0,y). Here m is unit vector 
in the direction of the magnetization in the ferromag- 
net. For a tunnel contact 2ReG Ti = G T + G l . The 
spin-current along the transport, x, direction is then 

el s = m(G T - G l )([ic - Mc(0, y)) - 2ReG T Vb(0, y)- (7) 

Similarly, the spin and charge current can be found on 
the normal metal side of the junctions from the diffu- 
sion equations. The boundary condition is determined by 
continuity of spin and charge currents close to the tunnel 
barrier. Similarly, we can find the boundary condition 
for the right tunnel barrier in contact with the normal 
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metal reservoir where there is no spin-dependence of the 
contact conductance. In discussing our results, we intro- 
duce the the relative conductance q = G a /G, the tunnel 
barrier polarization p = (G' — G^)/(G^ + G^). We use 
reasonable values G = G^ + G^ , p = 1/2, and q = 1. 

In this geometry, the spin-orbit interaction converts 
the incoming spin flux via the anomalous current opera- 
tor into a transverse charge Hall voltage even in the ab- 
sence of a magnetic field. The magnitude of this charge 
Hall accumulation is approximately one order of magni- 
tude smaller than the z-spin Hall accumulation in geom- 
etry a) at zero field, V H (x = 0,S ex = 0) ~ 1.5 -1CT 6 . Nu- 
merical results for the relative Hall voltage as a function 
of magnetic field B cx are presented in Fig. 03. When we 
introduce the external magnetic field, the spins initially 
directed along z starts precessing. The spins are induced 
within the sample. Precession from many spatial ori- 
gins results in a full destruction of the Hall effect when 
B ~ 3 -r 4 T, which is close to the critical field for the 
in-plance (x) spin Hall effect (see Fig. QJ;). For smaller 
magnetic fields, precession can lead to a reversal of the 
charge Hall effect. The magnetic field range in which we 
can observe precession via the charge Hall potential is 



naturally similar to what is observed in Ref. Q on spin 
precession in Al. 

In summary, we have studied transport in normal met- 
als with small spin-orbit interaction in a external mag- 
netic field. Based on analytical diffusion equations for 
charge and spin potentials, numerical results for spin 
Hall and charge Hall potentials in experimentally rele- 
vant geometries are obtained. We studied thin film nor- 
mal metals where a) no spins are injected from normal 
metal reservoirs and b) spins are injected via ferromag- 
netic reservoirs. Spin precession destroys the out-plane 
spin Hall potential when the Larmor frequency is larger 
than the spin-orbit induced spin relaxation length. It 
similarly, also destroys the charge Hall potentials which 
can be induced when spins are injected into the normal 
metal films. The in-plane spin Hall effect initially van- 
ishes at zero magnetic field and then increases for weak 
magnetic fields due to spin precession from the initial 
out-of-plane spin Hall accumulation. For larger magnetic 
fields, the in-plane spin Hall effect also decays. 
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and 158547/431, and through Grant No. 153458/432. 
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